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ON CONJUGATION ORBITS OF SEMISIMPLE PAIRS IN RANK ONE
KRISHNENDU GONGOPADHYAY AND SAGAR B. KALANE
Abstract. We consider the Lie groups SU(n, 1) and Sp(n, 1) that act as isometries
of the complex and the quaternionic hyperbolic spaces respectively. We classify pairs
of semisimple elements in Sp(n, 1) and SU(n, 1) up to conjugacy. This gives local
parametrization of the representations ρ in Hom(F2, G)/G such that both ρ(x) and ρ(y)
are semisimple elements in G, where F2 = 〈x, y〉, G = Sp(n, 1) or SU(n, 1). We use the
PSp(n, 1)-configuration space M(n, i,m− i) of ordered m-tuples of distinct points in HnH,
where the first i points in an m-tuple are boundary points, to classify the semisimple
pairs. Further, we also classify points on M(n, i,m− i).
1. Introduction
The rank one symmetric spaces of non-compact types are known to be the real, complex,
quaternionic hyperbolic spaces and the Cayley plane. Classifying pairs of elements up to
conjugacy in the isometry group of a rank one symmetric space of non-compact type is a
problem of potential interest. This problem is related to the understanding of geometric
structures in rank one, as well as invariant theory of linear transformations. In this paper,
we shall mostly consider the Lie groups SU(n, 1) and Sp(n, 1) that act as isometries of the
complex and the quaternionic hyperbolic spaces respectively. Our aim is to classify pairs of
semisimple elements in these groups up to conjugation action. Let F2 = 〈x, y〉 be the free
group generated by two elements x and y, and let G be a Lie group. The conjugation orbit
space is the space X(F2, G) = Hom(F2, G)/G, whereG acts by conjugation on Hom(F2, G).
This space is often called the deformation space or the character variety. The subset of
this space consisting of the representations ρ such that ρ(x) and ρ(y) are semisimple, is
denoted by Xs(F2, G). For G = SL(2,R) or SL(2,C), it is well-known from the work of
Fricke and Vogt that the group generated by a pair of elements is completely classified up
to conjugacy by the traces of the generators and the trace of their product, see [Gol09].
The respective deformation spaces have seen much attention due to their connection with
the Teichmu¨ller theory and Thurston’s vision on Kleinian groups.
It is not an easy problem to generalize the work of Fricke and Vogt to higher dimensions,
or in other rank one isometry groups. A starting point to do this could be the simpler
problem that asks for classifying pairs up to diagonal conjugation action. Using invariant
theory, there are attempts to classify conjugation orbits of pairs of elements in SL(n,C)
using polynomials involving traces. The work of Procesi [Pro76] has given a set of trace
coordinates for classifying conjugation orbits of free group representations into GL(n,C).
Procesi’s coordinate system can be restricted to SL(n,C), but a minimal family of such
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coordinates is known only for lower values of n, see [Law07, Law08, Dok07]. Since SU(n, 1)
is a real form of SL(n+1,C), the pairs of elements in SU(n, 1) may be associated to certain
trace parameters, though may not be minimal. Using the work of Lawton [Law07], Will
[Wil09] has obtained a set of minimal trace parameters to classify conjugation orbits of
F2 representations in SU(2, 1), also see Parker [Par12]. In an attempt to generalize this
work, Gongopadhyay and Lawton [GL17] have classified the polystable pairs (that is, the
pairs whose conjugation orbits are closed) in SU(3, 1) using 39 real parameters. At the
same time, it has been shown that the real dimension of the smallest possible system of
such real parameters to determine any polystable pair is 30. As evident from [GL17], the
complexity of the trace parameters increases with n. An explicit set of trace parameters
for pairs in SU(n, 1), n ≥ 4, is still missing in the literature.
Using geometric methods, there are attempts to classify ‘geometric’ pairs in rank one
isometry groups, mostly SU(n, 1). Recall that an isometry of the complex or the quater-
nionic hyperbolic space is called hyperbolic if it fixes exactly two points on the boundary.
Parker and Platis [PP08], Falbel [Fal07] and Cunha and Gusevskii [CG10], independently
obtained classifications of the hyperbolic pairs in SU(2, 1). A common idea in these works
is to associate the congruence classes of fixed points of the hyperbolic pairs to a topolog-
ical space. It follows from these works that the traces of the hyperbolic elements along
with a point on the respective topological spaces classify the hyperbolic pairs. Parker
and Platis applied their result to construct Fenchel-Nielsen parameters on the complex
hyperbolic quasi-Fuchsian space. Falbel and Platis [FP08] obtained geometric structures
of the space constructed by Falbel. In [GP18b], Gongopadhyay and Parsad have gener-
alized the work of Parker and Platis to classify generic hyperbolic pairs in SU(3, 1), and
then to obtain Fenchel-Nielsen type coordinates on a special component of the SU(3, 1)
deformation space of surface group representations. Recently, Gongopadhyay and Parsad
have given a geometric classification of the conjugation orbits of the hyperbolic pairs in
SU(n, 1). An advantage of the approach in [GP18a] is that the complexity for larger n
can be handled successfully to provide a classification in arbitrary dimension.
Let Sp(n, 1) be the isometry group of the quaternionic hyperbolic space Hn
H
. In this
paper we ask for a classification, up to conjugacy, of pairs of semisimple elements in
Sp(n, 1). In other words, we want to classify elements in the space Xs(F2,Sp(n, 1)). Not
much is known about the local structure of this space. A key obstruction in generalizing
the above-mentioned works to pairs in Sp(n, 1) is the lack of conjugacy invariants due to
the non-commutativity of the quaternions. Because of this, neither the classical invariant
theoretic approach nor the geometric approach has a straight-forward generalization for
elements in Xs(F2,Sp(n, 1)). In this paper, we resolve this difficulty by associating certain
spatial invariants, along with linear algebraic invariants available in this setup. This gives
us a local parametrization of the space Xs(F2,Sp(n, 1)).
In [GK18], the authors obtained a parametrization of the Sp(2, 1) conjugation orbits
of the pairs of hyperbolic elements of H2
H
, and applied it to obtain Fenchel-Nielsen type
parameters for generic representations of surface groups into Sp(2, 1). The main idea in
[GK18] was to handle the eigenvalue classes in Sp(2, 1) and the main result followed from
a foliation of the eigenspaces by copies of CP1. A point on such a CP1 has been called a
‘projective point’. It is proved in [GK18] that a pair of hyperbolic elements in Sp(2, 1) is
completely determined, up to Sp(2, 1) conjugacy, by the ‘real traces’, the similarity classes
of quaternionic cross ratios, the angular invariants of the fixed points and the projective
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points. Our main result in this paper generalizes this result in [GK18], as well as the main
result in [GP18a], to classify of a point in Xs(F2,Sp(n, 1). As a byproduct, we classify
points in Xs(F2,SU(n, 1). This gives a system of local parameters to points in Xs(F2, G),
where G = Sp(n, 1) or SU(n, 1). We briefly mention the key ideas behind our main result
that generalizes the above work.
Let M(n, i,m − i) be the space of PSp(n, 1)-congruence classes of ordered m-tuples of
distinct points on HH
n
, where the first i elements in the m-tuples belong to ∂Hn
H
, and the
remaining others are from Hn
H
. Given an element g in Sp(n, 1), it has a representation
gC in GL(2n + 2,C). The coefficients of the characteristic polynomials of gC are certain
conjugacy invariants of g and the collection of such coefficients is called the real trace
of g. Along with these real traces, another idea in our approach is to associate tuple
of points on HH
n
= Hn
H
∪ ∂Hn
H
to a semisimple pair (ρ(x), ρ(y)), and then project the
Sp(n, 1)-conjugation orbit of the pair to the moduli space M(n, i,m − i). Intuitively, the
semisimple pairs are seen here as equivalence classes of ‘moving frames’. To each pair, we
associate points coming from the closure of the totally geodesic quaternionic lines given
by these ‘frames’. This association is not well-defined. However, given a semisimple pair,
the orbit of such points under the group action induced by the change of eigenframes gives
a well-defined association, and we denote the space of such orbits by QLn. A point on
this space that corresponds to a given semisimple pair is called the canonical orbit of the
pair. This space has a topological structure that comes from the topological structure of
the moduli space M(n, i,m− i).
However, the canonical orbits along with the real traces do not give the complete set of
invariants that classify the pairs. To complete the classification, we have generalized the
main idea of ‘projective points’ used in [GK18]. This associates certain spatial invariants to
the semisimple pairs and is a crucial ingredient in the classification. Let T be a semisimple
element in Sp(n, 1). Let λ ∈ H \R be a chosen eigenvalue representative in the similarity
class of eigenvalues [λ] of T with multiplicity m, m ≤ n, that is, the eigenspace of [λ]
can be identified with Hm. The [λ]-eigenspace decomposes into a space of the complex
m-dimensional subspaces of Hm, that may be identified with the complex Grassmannian
manifold Gm,2m. We call it the eigenvalue Grassmannian of T corresponding to the
eigenvalue class [λ]. Each point on this Grassmannian corresponds to an ‘eigenset’ of [λ].
With these notions, the main result of this paper is the following.
Theorem 1.1. Let (A,B) be a semisimple pair in Sp(n, 1) such that A and B do not
have a common fixed point. Then a point on the Sp(n, 1) conjugation orbit of (A,B) is
determined by the real traces trR(A), trR(B), the canonical orbit of (A,B) on QLn, and
a point on each of the eigenvalue Grassmannians of A and B.
An immediate corollary is the following.
Corollary 1.2. Let ρ be an element in Xs(F2,Sp(n, 1)), F2 = 〈x, y〉. Then ρ is determined
uniquely by trR(ρ(x)), trR(ρ(y)), the canonical orbit of (ρ(x), ρ(y)) on QLn, and a point
on each of the eigenvalue Grassmannians of ρ(x) and ρ(y).
The methods that we have followed to establish the above results, also carry over to the
case of a pair of semisimple elements in SU(n, 1). For elements of SU(n, 1), the underlying
hyperbolic space is defined over the complex numbers, and hence there is no ambiguity
regarding the conjugacy invariants. The coefficients of the characteristic polynomials
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serve as well-defined conjugacy invariants for individual elements. Geometric invariants
like the cross-ratios are also well-defined. Accordingly, we have the following special case
of Theorem 1.1. This was proved for the hyperbolic pairs in [GP18b]. The following is
an extension of [GP18b, Theorem 1.1] to semisimple pairs. Here Tr(A) denote the usual
trace of a complex matrix.
Corollary 1.3. Let ρ be an element in Xs(F2,SU(n, 1)), F2 = 〈x, y〉. Then ρ is deter-
mined uniquely by Tr(ρ(x)i), Tr(ρ(y)i), 1 ≤ i ≤ ⌊(n + 1)/2⌋, and the canonical orbit of
(ρ(x), ρ(y)).
In the above understanding of the conjugation orbits of the semisimple pairs, the moduli
space of PSp(n, 1)-congruence classes of ordered m-tuples of distinct points on HH
n
, m ≥
4, is used. As per the above idea, we project an isometry pair onto this space to associate
the spatial invariants. In the second part of this paper, we classify points on this space that
provides some understanding of its topology. The problem to obtain configuration space
of ordered tuples of points on a topological space is a problem of independent interest.
The general problem may be stated as follows:
LetX be a topological space and G be a group acting diagonally on the orderedm-tuples
of points on X: for p = (p1, . . . , pm) in X
m, g in G,
(g, p) 7→ (gp1, gp2, . . . , gpm).
In general, this is a difficult problem to understand the orbit space X/G under this action.
However, there are cases when this can be done using the underlying structure of X. A
basic example is the case when X is the circle S1 and one considers ordered quadruple of
points on S1 under the action of the group SL(2,R) that acts by the Mo¨bius transforma-
tions on the circle. In this case, the cross ratios of four points essentially determine the
orbit space. When X is the Riemann sphere and G is the group SL(2,C) of the Mo¨bius
transformations, similar result also happens.
Let Hn
C
denote the n-dimensional complex hyperbolic space and ∂Hn
C
be its boundary.
In this case, X = Hn
C
∪ ∂Hn
C
and G = SU(n, 1). For k = 3, this problem is related to
the classification of the congruence classes of triangles, and it was solved by Cartan, e.g.
[Gol99]. The Cartan’s angular invariants determine these classes completely. Another
work along this direction was given by Brehm [Bre90] who associated shape invariants to
such triples. The SU(n, 1)-congruence classes of ordered tuples of points on Hn
C
∪∂Hn
C
was
obtained by Hakim and Sandler [HS03], also see, Brehm and Et-Taoui [BE98]. However,
neither of these works gave a complete picture of the moduli space. Cunha and Gusevskii
completely solved this problem for SU(n, 1)-congruence classes of points on ∂Hn
C
and
obtained a clear description of the moduli space in [CG12]. Gusevskii et. al. also obtained
the moduli space of SU(n, 1)-congruence classes of points onHn
C
and on the polar space, see
[CDG12], [Gus10]. There are several works on classifications of the SU(2, 1)-congruence
classes of quadruples of distinct points on ∂H2
C
, see [Fal07], [CG10], [PP08]. All these
works are independent of each other and have used different approaches.
The above works motivate the same problem when X = Hn
H
∪ ∂Hn
H
and G = Sp(n, 1).
The case k = 3, in this case, follow from the work of Apanasov and Kim [AK07], who
used angular invariants similarly as in the complex hyperbolic case. Recently, the Sp(2, 1)-
congruence classes of quadruples of points on ∂Hn
H
has been classified by Cao [Cao16].
This classification has been applied by the authors in [GK18]. There have been several
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recent works to obtain the moduli space of Sp(n, 1)-congruence classes of ordered k-tuples
on ∂Hn
H
, see [Cao17], [GJ17].
In this paper, we generalize the above works to classify points on M(n, i,m − i). We
use the same framework following the work of Brehm and Et-Taoui in [BET01], or Ho¨fer
[Ho¨f99], using Gram matrices. We associate certain numerical invariants to the congruence
classes in order to describe the points on M(n, i,m−i). Let p = (p1, . . . , pm) be an ordered
m-tuple of points on Hn
H
such that first i elements are from ∂Hn
H
and the remaining ones
fromHn
H
. Let G(p) = (gij) be the Gram matrix associated to p. We associate the following
invariants to p.
Cross-ratios: Given an ordered quadruple of pairwise distinct points (z1, z2, z3, z4) on
Hn
H
∪ ∂Hn
H
, their Kora´nyi-Reimann quaternionic cross ratio is defined by
X(z1, z2, z3, z4) = [z1, z2, z3, z4] = 〈z3, z1〉〈z3, z2〉−1〈z4, z2〉〈z4, z1〉−1,
where, for i = 1, 2, 3, 4, zi is a lift of zi. We associate cross ratios to p = (p1, . . . , pm) as
follows:
X1r = X(p2,p1,p3,pr), X2s = X(p1,p2,p3,ps), X3s = X(p1,p3,p2,ps), Xks = X(p1,pk,p2,ps),
for (i+ 1) ≤ r ≤ m, 4 ≤ s ≤ m, 4 ≤ k ≤ i, k < s.
A simple count shows that there are a total d number of cross ratios in the above list,
where d = i(i−3)2 + i(m − i) with i is the number of null points in p. For simplicity of
notation, we shall denote them by (X1, . . . ,Xd) unless otherwise required.
Distance Invariants: Let pi and pj be two distinct negative points in H
n
H
. We define
distance invariant dij by: dij =
〈pj ,pi〉〈pi,pj〉
〈pj ,pj〉〈pi,pi〉 . The quantity dij is PSp(n, 1) invariant
and it is independent of the chosen lifts of the points.
Angular invariants: The quaternionic Cartan’s angular invariant associated to a triple
(z1, z2, z3) on H
n
H
∪ ∂Hn
H
is given by the following, see [AK07], [Cao16],[Cao17],
A(z1, z2, z3) = arccos
ℜ(−〈z1, z2, z3〉)
|〈z1, z2, z3〉| .
where 〈z1, z2, z3〉 = 〈z1, z2〉〈z2, z3〉〈z3, z1〉. We associate angular invariants to p as: Aij =
A(p1,pi,pj).
Rotation invariants: If Aij is non-zero, we further associate a numerical invariant uij
given by: uij =
ℑ(gij)
|ℑ(gij)| . If Aij is zero, then we shall assume uij = 0. The Sp(1)-conjugacy
class of uij is called the rotation invariant of p. For simplicity of notation, we shall denote
them as u0, u1, u2, . . . , ut, with the understanding that ui denotes only non-zero rotation
invariant for 1 ≤ i ≤ t and u0 = u23.
With the above notions, we have the following.
Theorem 1.4. A point [p] in M(n, i,m − i), p = (p1, . . . , pm), is determined completely
by the Sp(1) congruence class of the (d+ t+ 1)-tuple
W = (u0, u1, . . . , ut,X1, . . . ,Xd), d =
i(i− 3)
2
+i(m−i), m ≥ 4, t = (m− i)
2 − (m− i)
2
−l,
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the angular invariants A23, Ai1j1 and the distance invariants di1j1 , for i < i1, j1 ≤ m,
where l is the number of zero valued rotation invariants uij .
We have rotation invariants of the cross ratios
ηi =
ℑ(Xi)
|ℑ(Xi)| .
If Xi is a real number for some i, we assume ηi = 0.
Let p = (p1, . . . , pm) be such that A(p1, p2, p3) 6= 0. Note that the Sp(1)-congruence class
of the ordered tuple F = (u0, u1, . . . , ut,X1, . . . ,Xd) is associated to the Sp(1)-congruence
class of the ordered tuple n = (u0, u1, . . . , ut, η1, . . . , ηk) of points on S
2, where k is the
number of non-real cross ratios. Hence the above theorem can be restated in the following
form.
Corollary 1.5. A point [p] in M(n, i,m − i), p = (p1, . . . , pm), is determined completely
by the angular invariants, the distance invariants, and a point on the Sp(1) configuration
space of ordered (k + t + 1) tuple of points on S2, where k is the number of non-real
(similarity classes of) cross ratios, and t+1 is the number of non-zero angular invariants.
Since Sp(1) is isomorphic to SU(2), the description of the Sp(1)-configuration space of
ordered tuples of points can be obtained from the work [BET01]. Restricting to the special
cases of the boundary points and the points on Hn
H
respectively, the above theorem gives
the following.
Corollary 1.6. A point [p] in M(n,m, 0) , p = (p1, . . . , pm), is determined completely
by the Sp(1) congruence class of the (d + 1)-tuple F = (u0,X1,X2, . . . ,Xd), d =
m(m−3)
2 ,
m ≥ 4, and the angular invariant A23.
Corollary 1.7. A point [p] in M(n, 0,m) , p = (p1, . . . , pm), is determined completely by
the angular invariants, distance invariants and Sp(1) congruence class of the unit pure
quaternions associated to p.
Let Mc(n, i,m − i) denote the SU(n, 1)-configuration space of ordered tuples of points
on HC
n
. As an application of the above theorem, we obtain a classification of points on
Mc(n, i,m − i). Over the complex numbers, conjugacy invariants like the traces and the
cross ratios are well-defined. Accordingly, it is much simpler to classify the points on the
space Mc(n, i,m − i). The following corollary is an extension of Theorem 3.1 of Cunha
and Gusevskii in [CG12].
Corollary 1.8. A point [p] in Mc(n, i,m− i), p = (p1, . . . , pm), is determined completely
by the complex cross ratios X1, . . . ,Xd, d =
i(i−3)
2 +i(m−i), m ≥ 4, the angular invariants
A23, Ai1j1, and the distance invariants di1j1, for i < i1, j1 ≤ m.
Using these results, it is not hard to obtain an explicit description of M(n, i,m− i) fol-
lowing similar arguments as in [CG12] for the complex case and [Cao17] in the quaternion
case, also see [GJ17]. We omit the details.
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Structure of the paper. In Section 2, we discuss some preliminary results that will be used
later on. The crucial notion of the eigenvalue Grassmannian is given in Section 3. In
Section 4, we determine when two semisimple elements are equal. In Section 5, we discuss
the notion of ‘associated points’ of a semisimple isometry. The association of ‘canonical
orbits’ to the conjugacy class of a pair of semisimple elements has been elaborated in
Section 6. We prove Theorem 1.1 in Section 7. Finally, in Section 8 we prove Theorem 1.4.
2. Preliminaries
2.1. The Quaternions. Let H denote the division ring of quaternions. Let H∗ denote
the multiplicative group H \ {0} of non-zero quaternions. Recall that every element of H
is of the form a0 + a1i + a2j + a3k, where a0, a1, a2, a3 ∈ R, and i, j,k satisfy relations:
i2 = j2 = k2 = ijk = −1. Any a ∈ H can be uniquely written as a = a0 + a1i+ a2j+ a3k.
We define ℜ(a) = a0 = the real part of a and ℑ(a) = a1i + a2j + a3k = the imaginary
part of a. Also, define the conjugate of a by a = ℜ(a) − ℑ(a). The norm of a is |a| =√
a20 + a
2
1 + a
2
2 + a
2
3. We identify the subfield R+Ri with the standard complex plane C.
Two non-zero quaternions a, b are said to be similar if there exists a non-zero quaternion
c such that b = c−1ac and we write it as a ∽ b. It is easy to verify that a ∽ b if and only
if ℜ(a) = ℜ(b) and |a| = |b|. Thus the similarity class of every quaternion a contains
a pair of complex conjugates with absolute-value |a| and real part equal to ℜ(a). The
multiplicative group H \ {0} is denoted by H∗.
Lemma 2.1. Every quaternionic element has a polar coordinate representation.
Proof. Let a = a0 + a1i+ a2j+ a3k be a quaternion as above. We want to write its polar
form. We can have a = a0 + v where v = a1i+a2j+a3k. Now observe that |a|2 =a02+|v|2,
where |v| = √a12 + a22 + a32. So if a 6= 0 we get 1 =
(
a0
|a|
)2
+
( |v|
|a|
)2
. Now put a0|a| = cos(θ)
and |v||a| = sin(θ) where θ ∈ [0, pi]. If v 6= 0 then we have a = a0+ v = |a|
(
a0
|a| +
|v|
|a|
v
|v|
)
. Thus
we get a = |a|(cos(θ) + ηsin(θ)) where η = v|v| and θ ∈ [0, pi]. If v = 0 then θ = 0. 
Remark 2.2. In Lemma 2.1, x = cos(θ) + ηsin(θ) is a unitary quaternion number. Since
xx = 1 = xx.
Commuting quaternions. Two non-real quaternions commute if and only if their imaginary
parts are scaled by a real number, see [CG74, Lemma 1.2.2] for a proof. Let Z(λ) denotes
the centralizer of λ ∈ H \ R. Then Z(λ) = R + Rλ. For some non-zero α ∈ H, Z(λ) =
αCα−1, where C = Z(reiθ), r = |λ|, ℜλ = r cos θ. Given a non-real quaternion q, we call
Z(q) the complex line passing through q. Note that if λ ∈ H \ R, then Z(λ−1) = Z(λ).
2.2. Matrices over quaternions. Let V be an n-dimensional right vector space over H.
Let T be a right linear transformation of V. Then T is represented by an n×n matrix over
H. Invertible linear maps of V are represented by invertible n× n quaternionic matrices.
The group of all such linear maps is denoted by GL(n,H). For more details on linear
algebra over quaternions, see [Rod14]. In the following, we briefly recall the notions that
will be used later on.
Let T ∈ GL(n,H) and v ∈ V, λ ∈ H∗, are such that T (v) = vλ, then for µ ∈ H∗ we
have
T (vµ) = (vµ)µ−1λµ.
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Therefore eigenvalues of T occur in similarity classes and if v is a λ-eigenvector, then
vµ ∈ vH is a µ−1λµ-eigenvector. The one-dimensional right subspace spanned by v will
be called the eigenline to λ. Thus the eigenvalues are no more conjugacy invariants for T ,
but the similarity classes of eigenvalues are conjugacy invariant. Note that each similarity
class of eigenvalues contains a unique pair of complex conjugate numbers. We shall choose
one of these complex eigenvalues reiθ, θ ∈ [0, pi], to be the representative of its similarity
class. Often we shall refer them as ‘eigenvalues’, though it should be understood that
our reference is towards their similarity classes. In places where we need to distinguish
between the similarity class and a representative, we shall denote the similarity class of
an eigenvalue representative λ by [λ].
2.3. Quaternionic hyperbolic space. Let V = Hn,1 be the n-dimensional right vector
space over H equipped with the Hermitian form of signature (n, 1) given by
〈z,w〉 = w∗Hz = w¯n+1z1 + w¯2z2 + · · ·+ w¯nzn + w¯1zn+1,
where ∗ denotes conjugate transpose. The matrix of the Hermitian form is given by
H =

 0 0 10 In−1 0
1 0 0

 ,
where In−1 is the identity matrix of rank n − 1. We consider the following subspaces of
H
n,1 :
V− = {z ∈ Hn,1 : 〈z, z〉 < 0}, V+ = {z ∈ Hn,1 : 〈z, z〉 > 0},
V0 = {z− {0} ∈ Hn,1 : 〈z, z〉 = 0}.
A vector z in Hn,1 is called positive, negative or null depending on whether z belongs to
V+, V− or V0. Let P : Hn,1 − {0} −→ HPn be the right projection onto the quaternionic
projective space. Image of a vector z will be denoted by z. The quaternionic hyperbolic
space Hn
H
is defined to be PV−. The ideal boundary ∂HnH is defined to be PV0. So we can
write Hn
H
= P(V−) as
HnH = {(w1, . . . , wn) ∈ Hn : 2ℜ(w1) + |w2|2 + · · ·+ |wn|2 < 0},
where for a point z =
[
z1 z2 . . . zn+1
]T ∈ V− ∪ V0, wi = ziz−1n+1 for i = 1, . . . , n.
This is the Siegel domain model of Hn
H
. Similarly one can define the ball model by
replacing H with an equivalent Hermitian form H ′ given by the diagonal matrix: H ′ =
diag(−1, 1, . . . , 1). We shall mostly use the Siegel domain model here.
There are two distinguished points in V0 which we denote by o and ∞, given by
o =


0
0
...
1

 , ∞ =


1
0
...
0

 .
Then we can write ∂Hn
H
= P(V0) as
∂HnH −∞ = {(z1, . . . , zn) ∈ Hn : 2ℜ(z1) + |z2|2 + · · ·+ |zn|2 = 0}.
Note that Hn
H
= Hn
H
∪ ∂Hn
H
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Given a point z of Hn
H
− {∞} ⊂ HPn we may lift z = (z1, . . . , zn) to a point z in V,
called the standard lift of z. It is represented in projective coordinates by
z =


z1
...
zn
1

 .
The Bergman metric in Hn
H
is defined in terms of the Hermitian form given by:
ds2 = − 4〈z, z〉2 det
[ 〈z, z〉 〈dz, z〉
〈z, dz〉 〈dz, dz〉
]
.
If z and w in Hn
H
correspond to vectors z and w in V−, then the Bergman metric is also
given by the distance ρ:
cosh2
(
ρ(z, w)
2
)
=
〈z,w〉〈w, z〉
〈z, z〉〈w,w〉 .
More information on the basic formalism of the quaternionic hyperbolic space may be
found in [CG74], [KP03].
2.4. Isometries. Let Sp(n, 1) be the isometry group of the Hermitian form 〈., .〉. Each
matrix A in Sp(n, 1) satisfies the relation A−1 = H−1A∗H, where A∗ is the conjugate
transpose of A. The isometry group of Hn
H
is the projective unitary group PSp(n, 1) =
Sp(n, 1)/{±I}. However, we shall mostly deal with Sp(n, 1).
Based on their fixed points, isometries of Hn
H
are classified as follows:
(1) An isometry is elliptic if it fixes a point on Hn
H
.
(2) An isometry is parabolic if it fixes exactly one point on ∂Hn
H
.
(3) An isometry is hyperbolic if it fixes exactly two points on ∂Hn
H
.
The elliptic and hyperbolic isometries are semisimple. Now we define the following termi-
nology for describing conjugacy classification of semisimple isometries. Let g be a semisim-
ple element in Sp(n, 1). Let λ be an eigenvalue of g, counted without multiplicities. Then
λ is called negative, resp. null, resp. positive if the corresponding λ-eigenvector is nega-
tive, resp. null, resp. positive. Accordingly, a similarity class of eigenvalues is negative,
null or positive according to its representative is negative, null, or positive, respectively.
For details about conjugacy classification of the isometries we refer to Chen-Greenberg
[CG74]. We note the following fact that is useful for our purposes.
Lemma 2.3. (Chen-Greenberg )[CG74]
(1) Two elliptic elements in Sp(n, 1) are conjugate if and only if they have the same
negative class of eigenvalues, and the same positive classes of eigenvalues.
(2) Two hyperbolic elements in Sp(n, 1) are conjugate if and only if they have the same
similarity classes of eigenvalues.
Lemma 2.4. The group Sp(n, 1) can be embedded in the group GL(2n + 2,C).
Proof. Write H = C ⊕ jC. For A ∈ Sp(n, 1), express A = A1 + jA2, where A1, A2 ∈
Mn+1(C). This gives an embedding A 7→ AC of Sp(n, 1) into GL(2n+ 2,C), where
(2.1) AC =
(
A1 −A2
A2 A1
)
.
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
The following lemma follows from the above.
Proposition 2.5. Let A be an element in Sp(n, 1). Let AC be the corresponding element
in GL(2n + 2,C). The characteristic polynomial of AC is of the form
χA(x) =
2n+2∑
j=0
ajx
2(n+1)−j ,
where a0 = 1 = a2n+2 and for 1 ≤ j ≤ n+ 1, aj = a2(n+1)−j . If A is hyperbolic, then the
conjugacy class of A is determined by the real numbers aj , 1 ≤ j ≤ n+ 1. If A is elliptic
then the conjugacy class of A is determined by the real numbers aj, 1 ≤ j ≤ n+ 1, along
with the negative-type eigenvalue of A.
Definition 2.6. Let A be a semisimple element in Sp(n, 1). The real n-tuple (a1, . . . , an)
as in Proposition 2.5 will be called the real trace of A and we shall denote it by trR(A).
2.5. The Cross Ratios. Given an ordered quadruple of pairwise distinct points (z1, z2, z3, z4)
on Hn
H
, their Kora´nyi-Reimann (quaternionic) cross ratio is defined by
X(z1, z2, z3, z4) = [z1, z2, z3, z4] = 〈z3, z1〉〈z3, z2〉−1〈z4, z2〉〈z4, z1〉−1,
where, for i = 1, 2, 3, 4, zi, are lifts of zi. Unlike the complex case, quaternionic cross ratios
are not independent of the chosen lifts. However, similarity classes of the cross ratios are
independent of the chosen lifts. In other words, the conjugacy invariants obtained from
the cross ratios are ℜ(X) and |X|. Under the action of the symmetric group S4 on a tuple,
there are exactly three orbits, see [Pla14, Prop 3.1]. This implies that the moduli and real
parts of the quaternionic cross ratios are determined by the following three cross ratios.
X1(z1, z2, z3, z4) = X(z1, z2, z3, z4) = [z1, z2, z3, z4],
X2(z1, z2, z3, z4) = X(z1, z4, z3, z2) = [z1, z4, z3, z2],
X3(z1, z2, z3, z4) = X(z2, z4, z3, z1) = [z2, z4, z3, z1].
Usually, cross ratios are defined for boundary points but we can generalize it for Hn
H
and
we will use it in Section 8. Platis defined cross ratios for boundary points and proved that
these cross ratios satisfy the following real relations:
|X2| = |X1||X3|, and, 2|X1|ℜ(X3) ≥ |X1|2 + |X2|2 − 2ℜ(X1)− 2ℜ(X2) + 1,
where equality is attained if and only if certain conditions hold, see [Pla14, Proposition
3.4]. W. Cao also defined it for Hn
H
, for more details, see [Cao16, Section 3].
2.6. Cartan’s angular invariant. Let z1, z2, z3 be three distinct points of H
n
H
= Hn
H
∪
∂Hn
H
, with lifts z1, z2 and z3 respectively. The quaternionic Cartan’s angular invariant
associated to the triple (z1, z2, z3) was defined by Apanasov and Kim in [AK07] and is
given by the following:
A(z1, z2, z3) = arccos
ℜ(−〈z1, z2, z3〉)
|〈z1, z2, z3〉| .
The angular invariant is an element in [0, pi2 ]. It is independent of the chosen lifts and
also Sp(n, 1)-invariant. The following proposition shows that this invariant determines
any triple of distinct points on ∂Hn
H
up to Sp(n, 1)-equivalence. For a proof see [AK07].
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Proposition 2.7. [AK07] Let z1, z2, z3 and z
′
1, z
′
2, z
′
3 be triples of distinct points of
∂Hn
H
. Then A(z1, z2, z3) = A(z
′
1, z
′
2, z
′
3) if and only if there exist A ∈ Sp(n, 1) so that
A(zj) = z
′
j for j = 1, 2, 3.
Further, it is proved in [Cao16] that (z1, z2, z3) lies on the boundary of an H-line, resp.
a totally real subspace, if and only if A = pi2 , resp. A = 0.
3. Eigenvalue Grassmannians
Let T be an invertible semisimple matrix over H of rank n. Let λ ∈ H \ R be a chosen
eigenvalue of T in the similarity class [λ] with multiplicity m, m ≤ n. Thus, the eigenspace
of [λ] can be identified with Hm. Let λ be a representative of [λ]. Consider the λ-eigenset :
Sλ = {x ∈ Hn | Tx = xλ}. Note that this set can be identified with the subspace
Z(λ)m in Hm. Thus each eigenset of a [λ]-representative is a copy of Cm in Hm. So,
the set of eigensets in the [λ]-eigenspace can be identified with the set of m dimensional
complex subspaces of Hm. By identifying Hm to C2m, we obtain the set of [λ]-eigensets as
the space complex m-dimensional subspaces of C2m, which is the complex Grassmannian
manifold Gm,2m, or simply Gm. This is a compact connected smooth complex manifold of
complex dimension m2. We call it the eigenvalue Grassmannian of T corresponding to the
eigenvalue [λ], or simply [λ]-Grassmannian. Each point on this Grassmannian corresponds
to an eigenset of [λ]. When m = 1, the eigenvalue Grassmannian is simply CP1, and a
point on such CP1 has been termed as a projective point in [GK18]. The [λ]-eigenvalue
Grassmannian is a conjugacy invariant of an eigenvalues but individual points are not.
They help us to distinguish individual isometries in the same conjugacy class.
4. Semisimple Isometries in Sp(n, 1)
In Sp(n, 1), the semisimple isometries are classified as hyperbolic and elliptic.
4.0.1. Elliptic Isometries. Let A be an elliptic element in Sp(n, 1). Recall that an eigen-
value of an elliptic element A always has norm 1. Let λ be an eigenvalue from the similarity
class of eigenvalues [λ] of A. Let x be a λ-eigenvector. Then x defines a point x on HPn,
that is either a point on Hn
H
or a point in P(V+). The lift of x in H
n,1 is the quaternionic
line xH. We call x as projective fixed point of A corresponding to [λ].
Let the eigenvalues of A be the n+ 1 unit complex numbers eiθ1 , . . . , eiθn+1 , where eiθ1
is negative and eiθk , k = 2, . . . , n+ 1, positive. Up to conjugacy, A is of the form:
(4.1) EA(θ1, θ2, . . . , θn+1) =


eiθ1 0 0 . . . 0 0
0 eiθ2 0 . . . 0 0
. . .
0 0 0 . . . eiθn 0
0 0 0 . . . 0 eiθn+1


.
Let CA =
[
x1,A x2,A . . . xn+1,A
]
be the matrix corresponding to the eigenvectors
of the above eigenvalue representatives. We can choose CA to be an element of Sp(n, 1)
by normalizing the eigenvectors:
〈x1,A,x1,A〉 = −1, 〈xj,A,xj,A〉 = 1, j 6= 1.
Then A = CAEAC
−1
A .
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4.0.2. Eigenspace decomposition of an elliptic element. Suppose A is an elliptic element
in Sp(n, 1). Suppose that the eigenvalue classes of A are represented by eiθ1 , eiθ2 , . . . , eiθk ,
ordered so that eiθ1 is the negative eigenvalue. Let Vθi be the eigenspace to the eigenvalue
class of eiθi . Letmi = dimVθi . We call (m1, . . . ,mk) the multiplicity of A. The space H
n,1
has the following orthogonal decomposition into eigenspaces (here ⊕ denotes orthogonal
sum):
(4.2) Hn,1 = Vθ1 ⊕ . . . ⊕Vθk ,
Change of eigenbasis amounts to conjugation by an element C, and CAC−1 = A if and
only if C ∈ Z(A). So, a normalised eigenbasis of A is determined up to conjugation action
of Z(A) =
∏k
i=1 Z(A|Vθi ) on each of the summands.
For description of the centralizers, see [G13]. Let eiθj represent an eigenvalue of A with
multiplicity mj . It follows from [G13] that Z(A|Vθj ) can be identified with U(mj − 1, 1) if
the eigenvalue is negative, and with U(mj) otherwise. So, if A does not have eigenvalues
1 or −1, given the multiplicity (m1, . . . ,mk), Z(A) may be identified to the group
Z(A) = U(m1 − 1, 1) ×U(m2)× . . .U(mk).
When A has an eigenvalue 1 or −1, one of the factors in the above product is replaced by
Sp(m1 − 1, 1) or Sp(mi) depending upon the eigenvalue is negative or positive.
4.0.3. Hyperbolic isometries. Let A be a hyperbolic element in Sp(n, 1). Let λ be an
eigenvalue from the similarity class of eigenvalues [λ] of A. Let x be a λ-eigenvector.
Then x defines a point x on HPn, that is either a point on ∂Hn
H
or a point in P(V+). The
lift of x in Hn,1 is the quaternionic line xH. Then x is a projective fixed point of A. The
quaternionic line xH is the eigenline spanned by the eigenvector x.
There are two eigenvalue classes of null-type and the respective eigenlines correspond to
attracting and repelling fixed points. Let rA ∈ ∂HnH be the repelling fixed point of A that
corresponds to the eigenvalue reiθ and let aA be the attracting fixed point corresponding
to the eigenvalue r−1eiθ. Let rA and aA lift to eigenvectors rA and aA respectively. Let
xj,A be an eigenvector corresponding to e
iφj . We may further assume that θ, φj are in
[0, pi]. The point xj,A on P(V+) is the polar-point of A. For (r, θ, φ1, . . . , φn−1) as above,
let EA(r, θ, φ1, . . . , φn−1), or simply EA be the matrix:
(4.3) EA(r, θ, φ1, . . . , φn−1) =


reiθ 0 0 . . . 0 0
0 eiφ1 0 . . . 0 0
. . .
0 0 0 . . . eiφn−1 0
0 0 0 . . . 0 r−1eiθ


.
Let CA =
[
aA x1,A . . . xn−1,A rA
]
be the matrix corresponding to the eigenvectors
of the above eigenvalue representatives. We can choose CA to be an element of Sp(n, 1)
by normalizing the eigenvectors:
〈aA, rA〉 = 1, 〈xj,A,xj,A〉 = 1.
Then A = CAEAC
−1
A .
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4.0.4. Eigenspace decomposition of a hyperbolic element. Suppose A is a hyperbolic ele-
ment in Sp(n, 1). Suppose also that the eigenvalue classes are represented by reiθ, r−1eiθ,
r > 1, and eiφ1 , . . . , eiφk . Let mi = dimVφi . We call m = (m1, . . . ,mk) the multiplicity
of A. Then Hn,1 has the following orthogonal decomposition into eigenspaces (here ⊕
denotes orthogonal sum):
(4.4) Hn,1 = Lr ⊕Vφ1 ⊕ . . . ⊕Vφk ,
where Lr is the (1, 1) (right) subspace of H
n,1 spanned by aA, rA. As in the elliptic case,
change of normalised eigenbasis of A is determined up to the conjugation action of Z(A).
4.1. Determination of the semisimple elements. In the following, we determine the
semisimple isometries. We shall associate certain spatial parameters to an isometry that
would determine it completely. Proposition 4.3 below will be crucial for classification of
the conjugation orbits of semisimple pairs.
Definition 4.1. Let A and A′ be two semisimple elements with the same set of eigenvalue
classes. We shall say that A and A′ have the same projective fixed points if for each non-
real class [λ] they have the same projective fixed point xλ.
Definition 4.2. Let A and A′ be two semisimple elements having a common non-real
eigenvalue class [λ]. We shall say that A and A′ have the same point on the [λ]-eigenvalue
Grassmannian if they have the same point on the eigenvalue Grassmannian with respect
to the representative λ of [λ].
Lemma 4.3. Let A and A′ be two semisimple elements in Sp(n, 1). Then A = A′ if and
only if they have the same real trace, the same projective fixed points and the same point
on each of the eigenvalue Grassmannians.
Proof. If A = A′, then the statement is clear. For the converse, let A and A′ be two
semisimple elements of Sp(n, 1). Since they have the same real traces, they have the
same eigenvalue classes. Further, A and A′ have the same projective fixed points, hence
xj,A′ = xj,Aqj for 1 ≤ j ≤ n+ 1, and qj ∈ H∗. Hence,
A = CAEAC
−1
A , and A
′ = CA′EAC−1A′ .
Let
D =


q1 0 0 . . . 0
0 q3 0 . . . 0
. . .
0 0 . . . qn−1 0
0 0 . . . 0 q2


.
Then A = CAEAC
−1
A and, A
′ = CADEAD−1C−1A . Thus A = A
′ if and only if D commutes
with EA, which is equivalent to the condition of having the same point on each of the
eigenvalue Grassmannians. 
In linear algebraic terms, the above lemma may be re-stated as follows.
Corollary 4.4. Let A and A′ be two semisimple elements in Sp(n, 1). Then A = A′ if
and only if the following holds.
(1) A and A′ have the same similarity classes of eigenvalues.
(2) To each eigenvalue class [λ], A and A′ have the same eigenspace, and
(3) to each representative λ′ of [λ], A and A′ have the same eigensets.
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5. Associated points of an isometry
5.1. Associated points of a hyperbolic element.
Definition 5.1. Let A be a hyperbolic element in Sp(n, 1). Let BA = {aA,x1,A, . . . ,xn−1,A, rA}
be an ordered set of eigenbasis corresponding to A, normalised so that for 1 ≤ l ≤ n− 1,
(5.1) 〈aA, rA〉 = 〈xl,A,xl,A〉 = 1, 〈xl,A,xm,A〉 = 0, l 6= m.
Define a set of n+ 1 boundary points associated to A as follows:
(5.2) p1,A = aA, p2,A = rA, pl,A = (aA − rA)/
√
2 + xl−2,A, 3 ≤ l ≤ n+ 1.
The set pA =
{
p1,A, . . . , pn+1,A
}
is called a set of associated points of A.
Lemma 5.2. Let A be a hyperbolic element of Sp(n, 1). Let Z(A) denote the centralizer
of A in Sp(n, 1). Then the associated points of A is well-defined up to an orbit of the
subgroup Z(A).
Proof. Let A be a hyperbolic element in Sp(n, 1). Let p = (p1.A, . . . , pn+1,A) be a tuple of
associated points of A given by an eigenbasis BA as above. If we choose another normalised
eigenbasis B′A of A, we get another set of associated points p′. The map M changing BA
to B′A satisfies MAM−1 = A. Thus, M belongs to Z(A), and M(p) = p′. 
5.2. Associated points of an elliptic element.
Definition 5.3. Let A be an elliptic element in Sp(n, 1). Let BA = {x1,A, . . . ,xn+1,A} be
a set of eigenvectors of A chosen so that for 1 ≤ l ≤ n+ 1,
(5.3) 〈x1,A,x1,A〉 = −1, 〈xj,A,xj,A〉 = 1, j 6= 1, 〈xl,A,xm,A〉 = 0, l 6= m.
Define a set of n+ 1 points on Hn
H
as follows:
(5.4) p1,A = x1,A, pl,A = x1,A
√
2 + xj,A, 2 ≤ j ≤ n+ 1.
The set pA =
{
p1,A, . . . , pn+1,A
}
is called a set of associated points to A.
Lemma 5.4. Let A be an elliptic element of Sp(n, 1). Let Z(A) denote the centralizer
of A in Sp(n, 1). Then the associated points of A is well-defined up to an orbit of the
subgroup Z(A).
The proof of the above lemma is similar to the proof of Lemma 5.2.
Definition 5.5. Given a semisimple element A in Sp(n, 1), a set of eigenbasis of the type
BA as given above, will be called an eigenframe of A.
A set of n+ 1 vectors of Hn,1 alike an eigenframe will be called an orthonormal frame.
5.2.1. Change of associated points amounts to a change of eigenbases. The following
lemma is easy to prove and it shows that the change of associated points amount change
of eigenbases.
Lemma 5.6. Let A, A
′
be semisimple elements in Sp(n, 1) with chosen eigenframes. Let
pA =
{
p1,A, . . . , pn+1,A
}
and pA′ =
{
p1,A′ , . . . , pn+1,A′
}
be sets of associated points to A
and A′, respectively. Suppose that there exists C ∈ Sp(n, 1) such that C(pl,A) = pl,A′,
1 ≤ l ≤ n. Then C(xj,A) = xj,A′ for all j.
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Proof. We prove our claim for hyperbolic isometries. The elliptic case is similar.
Let C(pl,A) = pl,A′αl for 1 ≤ l ≤ n. Observe that 〈p1,A,pl,A〉 = −1/
√
2 = 〈p1,A′ ,pl,A′〉
and 〈p2,A,pl,A〉 = 1/
√
2 = 〈p2,A′ ,pl,A′〉 for 3 ≤ l ≤ n. Since C ∈ Sp(n, 1) preserve
the form 〈., .〉, from these relations we have αi = α¯−11 = α¯−12 for 3 ≤ i ≤ n. Now,
〈p1,A,p2,A〉 = 1 gives |α1| = 1. Hence, C(xi−2,A) = xi−2,A′ for 3 ≤ i ≤ n. This implies
C(xn−1,A) = xn−1,A′ . 
6. Canonical orbit of a pair
6.1. Canonical orbit of a pair of hyperbolics.
6.1.1. Moduli of normalised boundary points. Consider the set E of ordered tuples of
boundary and polar points on (∂Hn
H
)4 × P(V+)2(n−1) given by a pair of orthonormal
frames (F1, F2):
p = (q1, q2, r1, r2, . . . , rn−1, qn+1, qn+2, rn+1, . . . , r2n−1).
This corresponds to pair of orthonormal frames of Hn,1:
pˆ = (q1,q2, r1, r2, . . . , rn−1,qn+1,qn+2, rn+1, . . . , r2n−1),
where {q1,q2} ∩ {qn+1,qn+2} = ∅, 〈qi,qi〉 = 0 = 〈qn+i,qn+i〉 for i = 1, 2, 〈rj , rj〉 =
〈rn+j, rn+j〉 = 1 for all j = 1, . . . , n − 1, 〈q1,q2〉 = 〈qn+1,qn+2〉 = 〈q1,qn+2〉 = 1,
〈qi, rj〉 = 0 = 〈qn+i, rn+j〉, for i = 1, 2, j = 1, . . . , n− 1.
To each such point, we have an ordered tuple of boundary points, not necessarily dis-
tinct, (p1, . . . , p2n+2) satisfying the conditions:
(6.1) 〈p1,p2〉 = 〈pn+2,pn+3〉 = 〈p1,pn+2〉 = 1,
(6.2) 〈pi,pj〉 = −1 = 〈pn+i,pn+j〉, i 6= j, i, j = 3, . . . , n− 1;
(6.3) 〈p1,pi〉 = − 1√
2
= 〈pn+2,pn+i〉, i = 3, . . . , n − 1;
(6.4) 〈p2,pk〉 = 1√
2
= 〈pn+2,pn+k〉, k = 3, . . . , n− 1,
where pi denotes the standard lift of pi for each i. Note that pi,pn+i, i = 3, . . . , n, may
not be distinct. In this case, we relabel them and write them as a ordered tuple of distinct
boundary points pˆ = (p1, p2, . . . , pt), n + 3 ≤ t ≤ 2n + 2, so that they correspond to the
original ordering of p.
Let Lt be the section of M(n, t, 0) defined by the equations (6.1)– (6.4), and the ordering
as described above. Let L be the disjoint union L = ⋃2n+2t=n+3 Lt.
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6.1.2. Canonical orbit of a hyperbolic pair. Let (A,B) be a hyperbolic pair in Sp(n, 1).
Given the pair (A,B), consider the ordered set of eigenvectors of A,B given by the tuple
e = (aA, rA,x1,A, . . . ,xn−1,A,aB , rB ,x1,B , . . . ,xn−1,B),
with normalization as follows:
(6.5) 〈aA, rA〉 = 〈xi,A,xi,A〉 = 1, 〈xi,A,xj,A〉 = 0, i 6= j.
(6.6) 〈aB , rB〉 = 〈xi,B ,xi,B〉 = 1, 〈xi,B ,xj,B〉 = 0, i 6= j.
(6.7) 〈rA,aB〉 = 1.
Assign the associated boundary points to e defined by (5.2):
(6.8) p = (aA, rA, q1,A, . . . , qn−1,A, aB , rB , q1,B , . . . , qn−1,B).
If we change e to another pair of eigenframes e′ of (A,B), say
e′ = (C(aA), C(rA), C(x1,A), . . . , C(xn−1,A),D(aB),D(rB),D(x1,B), . . . ,D(xn−1,B)),
then since we are not changing (A,B), must have C ∈ Z(A) and D ∈ Z(B). Accordingly,
there is an action of Z(A)×Z(B) by the change of eigenframes, and the point p changes to
a point p′ on some M(n, t, 0), where n+3 ≤ t ≤ 2n+2. Thus, e, and hence p is determined
by (A,B) up to the above action of the group Z(A)× Z(B) on p.
The Z(A)× Z(B) action on p above defines a set of points on L. We shall call this set
as a Z(A)×Z(B) orbit on L and denote it by [p]. We call [p] the canonical orbit of (A,B).
The association of the canonical orbit [p] to the conjugacy class of (A,B) is well-defined.
It follows from the description of centralizers in [G13] that for all pairs of hyperbolic
elements (A,B) with multiplicities (a1, . . . , ak; b1, . . . , bl), and without an eigenvalue 1 or
−1, we can identify their centralizers. This induces an action of Z(A) × Z(B) on L by
the above construction. The orbit space on L under this Z(A) × Z(B) action is denoted
by QLn(a1, . . . , ak; b1, . . . , bl). If either of the hyperbolic elements in the pair has an
eigenvalue 1 or −1, then the group Z(A) × Z(B) changes, but the same construction go
through. Taking disjoint union of all such orbit spaces, we get a space QLn. Each point
on QLn corresponds to a conjugacy class of a hyperbolic pair (A,B).
6.2. Canonical orbit of a pair of elliptics.
6.2.1. Moduli of normalised points. Consider the set E of ordered tuples of points on
(Hn
H
)2 ∪ P(V+)2n given by a pair of orthonormal frames (F1, F2):
p = (x1, . . . , xn+1, xn+2, . . . , x2n+2).
To each such point, we have an ordered tuple of negative points, not necessarily distinct,
(p1, . . . , p2n+2) satisfying the conditions:
(6.9) 〈p1,A,p1,A〉 = −1 = 〈pn+2,pn+2〉
(6.10) 〈pj,A,pj,A〉 = −1 = 〈pj,A′ ,pj,A′〉
(6.11) 〈ps,A,pt,A〉 = 0 = 〈ps,A′ ,pt,A′〉, s 6= t, 1 ≤ s, t ≤ n+ 1,
(6.12) 〈p1,A,pj,A〉 = −
√
2 = 〈p1,A′ ,pj,A′〉, j 6= 1,
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(6.13) 〈pl,A,pm,A〉 = −2 = 〈pl,A′ ,pm,A′〉, l,m 6= 1,
where pi denotes the standard lift of pi for each i. Note that pi,pn+i, i = 3, . . . , n, may
not be distinct. If they are not distinct, we relabel them and write them as an ordered
tuple of distinct negative points pˆ = (p1, p2, . . . , pt), n + 3 ≤ t ≤ 2n + 2, so that they
correspond to the original ordering of p.
Let Lt be the section of M(n, 0, t) defined by the equations (6.9)– (6.13), and let also
the ordering as described above. Let L be the disjoint union L = ⋃2n+2t=n+3 Lt.
6.2.2. Canonical orbit of an elliptic pair. Let A and B are elliptic elements in Sp(n, 1)
without a common fixed point. Given the pair (A,B), fix eigenframes of A and B so that
〈x1,A,x1,A〉 = −1 = 〈x1,B ,x1,B〉, 〈xi,A,xi,A〉 = 〈xi,B ,xi,B〉 = 1 = 〈x1,A,x1,B〉, 1 ≤ i ≤ n+1.
Consider the ordered tuple of eigenvectors B = (x1,A, . . . ,xn+1,A,x1,B , . . . ,xn+1,B). This
gives an ordered tuple of points in Hn
H
given by
p = (p1,A, . . . , pn+1,A, p1,B , . . . , pn+1,B),
where pi,A, pi,B are defined by (5.4).
The tuple p is determined by (A,B) up to the above action of the group G = Z(A) ×
Z(B) on p. So, to each pair (A,B), we have a Z(A) × Z(B) orbit of associated points.
The Z(A) × Z(B) action on p defines a set of points on L. We shall call this set as a
Z(A) × Z(B) orbit on L and denote it by [p]. We call [p] the canonical orbit of (A,B).
The canonical orbit [p] corresponds uniquely to the conjugacy class of (A,B).
The above action of Z(A)×Z(B) on p induces an action of Z(A)×Z(B) on L similarly
as described in the previus section. This gives a Z(A) × Z(B) orbit [p] in L and we call
it the canonical orbit of (A,B). The orbit space on L under the above G-action will be
denoted by the same symbol as in the previous section, QLn(a1, . . . , ak; b1, . . . , bl). Taking
disjoint union of all such orbit spaces, we get a space QLn. Each point on QLn corresponds
to a conjugacy class of an elliptic pair (A,B).
6.3. Canonical orbit of a mixed pair. In this case, the construction is very similar to
the elliptic and hyperbolic case. Let A be hyperbolic and B be elliptic in Sp(n, 1). Given
the pair (A,B), fix a pair of associated orthonormal frames B = (BA,BB) so that the
eigenvectors are normalised as in Section 5.1 and Section 5.2. Next we choose an ordering
as in the previous section and associate an ordered tuple of points p on M(n, n+1, n+1).
The Z(A)×Z(B) action gives a orbit [p] on M(n, n+ 1, n+ 1) as earlier. Taking disjoint
union of all such orbits, we get a space, still denoted by QLn as in the previous section.
Each point on QLn corresponds to a conjugacy class of a mixed pair (A,B).
7. Proof of Theorem 1.1
Proof. For simplicity, we shall assume that neither A nor B has an eigenvalue 1 or −1.
The proof is just similar in these omitted cases.
Suppose that (A,B) and (A′, B′) are hyperbolic pairs having equal real trace and the
same canonical orbit. Equality of real traces implies that they have the same multiplicities,
say (a1, . . . , ak, b1, . . . , bl). Following the notation in Section 4, we may assume A =
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CAEAC
−1
A , B = CBEBC
−1
B and similarly for A
′ and B′. In this case, CA is an element in
the subgroup Sp(1, 1) × Sp(a1)× . . . × Sp(ak):
CA =
[
aA L1 . . . Lk rA
]
,
where Li =
[
xti,A . . . xti+ai−1,A
]
, EA is the diagonal matrix
EA =


reiθ 0 . . .
0 Ia1λ1 0 0 . . . 0
. . .
0 0 0 Iakλk 0
0 0 0 0 r−1eiθ


,
where Is denotes the identity matrix of rank s. Similarly EB is a diagonal matrix
EB =


seiα 0 . . .
0 Ib1µ1 0 0 . . . 0
. . .
0 0 0 Iblµl 0
0 0 0 0 s−1eiα


,
and,
CB =
[
aB K1 . . . Kl rB
]
,
where Ki =
[
xtj ,B . . . xtj+bj−1,B
]
. In the above notation, ti =
∑i
p=1 ap−1, sj =∑j
p=1 bp−1, a0 = b0 = 1.
Since the canonical orbits are equal, by Lemma 5.6 it follows that there exists a C ∈
Sp(n, 1) such that C(aA) = aA′ , C(rA) = rA′ , C(aB) = aB′ , C(rB) = rB, and for
1 ≤ i ≤ k, 1 ≤ j ≤ l,
C(xti,A, . . . ,xti+ai−1,A) =M(xti,A′ , . . . ,xti+ai−1,A′),
C(xtj ,B, . . . ,xtj+bj−1,B) = N(xtj ,B′ , . . . ,xtj+bj−1,B′),
where M ∈ Z(A′), N ∈ Z(B′). Since A′ commutes with M , A′M(xti,A′) =MA′(xti,A′) =
M(xti,A′)λi. From the above, we also have M(xti,A′) = C(xti,A), which implies that
CAC−1 and A′ have the same projective fixed point given by M(xti,A′) = C(xti,A).
Thus CAC−1 and A′ have the same projective fixed points. Since A and A′ define the
same point on each of the eigenvalue Grassmannians and have the same real traces, by
Lemma 4.3, CAC−1 = A′. Similarly, B′ = CBC−1.
Suppose (A,B) and (A′, B′) are elliptic pairs with the same real traces and the same
canonical orbit. Since they have the same traces, their multiplicities are also the same,
say (a1, . . . , ak, b1, . . . , bl). In this case, CA is an element in the subgroup Sp(a1 − 1, 1) ×
Sp(a2)× . . .× Sp(ak):
CA =
[
E1 E2 . . . Ek
]
,
where Ei =
[
xti,A . . . xti+ai−1,A
]
, and EA is the diagonal matrix
EA =


λ1Ia1
. . .
λkIak

 ,
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where Is denotes the identity matrix of rank s. Similarly for CB, let
EB =


µ1Ia1
. . .
µkIak

 ,
and
CB =
[
E′1 E
′
2 . . . E
′
k
]
,
where E′i =
[
xti,B′ . . . xti+ai−1,B′
]
.
Since the canonical orbits are equal, by Lemma 5.6 it follows that there exists a C ∈
Sp(n, 1) such that for 1 ≤ i ≤ k, 1 ≤ j ≤ l,
C(xti,A, . . . ,xti+ai−1,A) =M(xti,A′ , . . . ,xti+ai−1,A′),
C(xtj ,B , . . . ,xtj+bj−1,B) = N(xtj ,B′ , . . . ,xtj+ai−1,B′),
where M ∈ Z(A′), N ∈ Z(B′). Now, using arguments as in the hyperbolic case, it
follows that CAC−1 and A′ have the same projective fixed points. Hence by Lemma 4.3,
CAC−1 = A′. Similarly, CBC−1 = B′.
Suppose (A,B) and (A′, B′) are mixed pairs such that A, A′ are hyperbolic and B,
B′ are elliptic. For the mixed pairs case the argument is similar. This completes the
proof. 
8. Moduli space of PSp(n, 1) congruence classes of distinct points from Hn
H
8.1. The Gram Matrix. A common feature in the works [CG12], [Cao17], and the one
formulated in this section is the use of the Gram matrices. This is motivated by the ideas
of Brehm and Et-Taoui in [BET01] and Ho¨fer in [Ho¨f99].
Let p = (p1, p2, . . . , pm) be an ordered m-tuple of distinct points in HnH. The Gram ma-
trix associated to p is the matrix G = (gij), where gij = 〈pj ,pi〉 with p = (p1,p2, . . . ,pm)
is a chosen lift of p.
In this section, without loss of generality, we will assume that first i elements from
p = (p1, p2, . . . , pm) are null and remaining other elements are negative, for 3 ≤ i ≤ m.
The following proposition is in [Cao16, Prop.1.1].
Definition 8.1. We say that two Hermitian m ×m matrices G and K are equivalent if
there exist non-singular diagonal matrix D such that G = D∗KD.
Proposition 8.2. If z,w ∈ Hn,1−{0} with 〈z, z〉 ≤ 0 and 〈w,w〉 = 0 then either w = zλ
for some λ ∈ H or 〈z,w〉 6= 0.
From this Proposition 8.2 we can see that 〈z,w〉 6= 0, for z ∈ ∂Hn
H
and w ∈ Hn
H
. Also
we will have 〈z,w〉 6= 0, for z 6= w together with the condition that either z, w ∈ ∂Hn
H
or z, w ∈ Hn
H
. Now by using these observations along with an appropriate chosen lift of
p = (p1, p2, . . . , pm), the following lemma follows using a similar argument as in [CG12].
Lemma 8.3. Let p = (p1, p2, . . . , pm) be a m-tuple of distinct points in H
n
H
. Then the
equivalence class of Gram matrices associated to p contains a matrix G = (gkj) with
gkk = 0 for k = 1, 2, . . . , i, |g23| = 1, g1j = 1 for j = 2, 3, . . . , i, gkk = −1 for k =
i + 1, i + 2, . . . ,m, and g1k = r1k for k = i + 1, i + 2, . . . ,m, where r1k are real positive
numbers.
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Proof. Let p = (p1,p2, . . . ,pm) be a lift of p. We want to choose a lift of p such that it
will satisfy required conditions of the lemma. As pi’s are distinct points in HnH, we get
〈pk,pk〉 = gkk = rk, where rk = 0 for k = 1, 2, . . . , i and rk is a negative real number for
k = i + 1, i + 2, . . . ,m. Now we can find out scalars λk such that 〈pkλk,pkλk〉 = 0 for
k = 1, 2, . . . , i and 〈pkλk,pkλk〉 = −1 for k = i+1, i+2, . . . ,m. In particular we can take
λk = 1 for k = 1, 2, . . . , i and λk =
√−rk −1 for k = i+ 1, i + 2, . . . ,m.
Now again rescale p by β1 = 1, βk = 〈p1λ1,pkλk〉 −1 for k = 2, 3, . . . , i and βk = x1k for
k = i+ 1, i+ 2, . . . ,m, where x1k is unitary part of 〈p1λ1,pkλk〉. Thus we get conditions
g1j = 1 for j = 2, 3, . . . , i and g1j = r1k for k = i+1, i+2, . . . ,m, where r1k = |〈p1λ1,pkλk〉|
are real positive numbers. Finally for getting condition |g23| = 1 we will further rescale p
by γ1 =
√
r23, γk =
1√
r23
for k = 2, 3, . . . , i and γk = 1 for k = i + 1, i + 2, . . . ,m, where
r23 = |〈p2λ2β2,p3λ3β3〉|. So appropriate lift p = (p1λ1β1γ1,p2λ2β2γ2, . . . ,pmλmβmγm)
of p proves the lemma. 
Remark 8.4. The Gram matrix G(p) = (gkj) in the above lemma 8.3 has the form
G(p) =


0 1 1 · · · 1
1 0 g23 · · · g2i
1 g23 0 · · · g3i G∗
...
...
...
. . .
...
1 g2i g3i · · · 0
G
∗
A


,(8.1)
where |g23| = 1 , G∗ is i× (m− i)− matrix with each nonzero entry together with having
first row contains real positive number and A is (m− i)× (m− i)− matrix with the form,
A =


−1 g(i+1)(i+2) g(i+1)(i+3) · · · g(i+1)m
g(i+1)(i+2) −1 g(i+2)(i+3) · · · g(i+2)m
...
...
...
. . .
...
g(i+1)(m) g(i+2)m g(i+3)m · · · −1

 .
Now observe that the spanning set of p = (p1,p2, . . . ,pm) contains at least one negative
point even if m-tuple contains all null points. So the spanning set of p = (p1,p2, . . . ,pm)
is non-degenerate.
The following proposition follows using similar arguments as in the proof of [Ho¨f99,
Theorem 1]. It is essentially a consequence of the Witt’s extension theorem.
Proposition 8.5. Let p = (p1, p2, . . . , pm) and q = (q1, q2, . . . , qm) be the m-tuple of
distinct points in Hn
H
. Then p and q are congruent in PSp(n, 1) if and only if their
associated Gram matrices are equivalent.
8.2. Semi-normalised Gram matrix.
Definition 8.6. We will call the matrix in lemma 8.3 as semi-normalised Gram matrix
with respect to lift p = (p1,p2, . . . ,pm) of p.
The following lemma shows that semi-normalised Gram matrix is just an equivalence
class.
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Lemma 8.7. Suppose that the Gram matrix G(p) is semi-normalised Gram matrix for
p with respect to lift p = (p1,p2, . . . ,pm). Then G(p
′) is still a semi-normalised Gram
matrix with p′ = (p1λ1, . . . ,pmλm) if and only if λ1 = λ2 = . . . = λm and λi ∈ Sp(1).
Proof. It follows from 〈p1λ1,pkλk〉 = 1 that λkλ1 = 1, for k = 2, 3, . . . , i as 〈p1,pk〉 = 1,
and from |〈p2λ2,p3λ3〉| = 1 that |λ3||λ2| = 1 as |〈p2,p3〉| = 1. Thus we have |λ1| = 1 so
λ1 ∈ Sp(1). So by λkλ1 = 1 for k = 2, 3, . . . , i we have λ1 = λ2 = . . . = λi and λi ∈ Sp(1).
Also we can see that 〈pkλk,pkλk〉 = −1, for k = i+ 1, i + 2, . . . ,m gives that |λk| = 1
for k = i+ 1, i + 2, . . . ,m. Since 〈p1λ1,pjλj〉 = r′1j , where r′1j are positive real numbers
for j = i+1, i+2, . . . ,m. Thus we have λj r1j λ1 = r
′
1j, where 〈p1,pj〉 = r1j . By using the
fact |λi| = 1 implies r′1j = r1j for j = i+1, i+2, . . . ,m. As we can commute real numbers
with quaternions we get λjλ1 = 1 for j = i + 1, i + 2, . . . ,m. Thus we have λj = λ1 for
j = i+ 1, i+ 2, . . . ,m with |λ1| = 1 i.e., λ1 ∈ Sp(1).
Conversely, we can verify that if p′ = (p1λ1,p2λ1, . . . ,pmλ1) with |λ1| = 1, then G(p′)
is matrix of the form (8.1). 
Remark 8.8. We can represent semi-normalised Gram matrix G(p) = (gkj) by
VG = (r1(i+1), r1(i+2), . . . , r1m, g23, g24, . . . , g2m, g34, . . . , g3m, . . . , gm−1m) inHt, where |g23| =
1 and t = (m
2−m−2i+2)
2 . Action of Sp(1)/{1,−1} on Ht by (µ, VG) → µVGµ gives the orbit
OVG = {µVGµ : ∀µ ∈ Sp(1)}.
Lemma 8.9. Let G1 and G2 be two semi-normalised Gram matrices represented by VG1
and VG2 resp. Then G1 and G2 are equivalent if and only if OVG1 = OVG2 .
Proof. Let G1 and G2 be two semi-normalised Gram matrices of p and q respectively,
where p and q are m-tuples of distinct points in Hn
H
with lifts p = (p1,p2, . . . ,pm) and
q = (q1,q2, . . . ,qm) respectively. The equivalence of G1 and G2 implies that there exist
non-singular diagonal matrix D such that G1 = D
∗G2D where D = diag(λ1, . . . , λm). So
we have
(8.2) G1 = (gij) = (〈pj ,pi〉) = (λi〈qj ,qi〉λj) = (λigij ′λj) = (〈qjλj ,qiλi〉).
Lemma 8.7 above gives now λ1 = λ2 = . . . = λm = µ and µ ∈ Sp(1). So from equation
8.2, gij = µgij
′µ, where µ ∈ Sp(1). So we get OVG1 = OVG2 .
Conversely, if OVG1 = OVG2 , we want to find non-singular diagonal matrix D such that
G1 = D
∗G2D, where D = diag(λ1, λ2, λ3, . . . , λm). As VG1 lies in OVG1 , VG1 = µVG2µ for
some µ ∈ Sp(1) and gij = µgij ′µ. Thus we get D = (µ, µ, . . . , µ), where µ ∈ Sp(1). 
Lemma 8.10. Let p and q be m-tuples of distinct points in Hn
H
. Then p and q are
congruent in PSp(n, 1) if and only if OVG1 = OVG2 , where VG1 and VG2 are represented by
semi-normalised Gram matrices associated to p and q respectively.
Proof. By Proposition 8.5, p and q are congruent in PSp(n, 1) if and only if their associated
Gram matrices are equivalent. Let G1 and G2 be the two semi-normalised Gram matrices
associated to p and q respectively. We represent them by VG1 and VG2 respectively. Now
by using 8.9, we get the result OVG1 = OVG2 . 
8.3. Configuration space of ordered tuples of points. Note that X1j = g23r1jg2j
−1,
X2j = g23g2jr
−1
1j , X3j = g23
−1g3jr−11j , Xkj = g2k
−1gkjr−11j , where r1j = 1 if 2 ≤ j ≤ i.
Hence the Gram matrix G(p) = (gij) can be read off from these invariants.
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Let p1, pi, pj be three distinct points of H
n
H
= Hn
H
∪ ∂Hn
H
, with lifts p1, pi and pj, re-
spectively. We can write 〈p1,pj ,pi〉 = |〈p1,pj ,pi〉|(cosθij+uij sinθij) = |〈p1,pj ,pi〉|euijθij ,
where uij ∈ S2 is a unit pure quaternion. If 〈p1,pj ,pi〉 is a real number then uij is unde-
fined, and we shall assume in such cases thatuij = 0. Note that
A(p1, pi, pj) = arg(〈p1,pj ,pi〉) = arg(r1jgijr1i) = arg(gij) = θij.
It follows from Remark 8.8 that the Sp(1)-conjugacy class of uij (where it is non-zero) is
an invariant of the orbit OVG .
8.4. Proof of Theorem 1.4.
Proof. Observe that each orbit OVG is determined up to Sp(1) conjugation of the semi-
normalised Gram matrix represented by VG.
Let G = (gij) be a semi-normalised Gram matrix represented by VG corresponding to
a chosen lift p = (p1,p2, . . . ,pm) of p. We have the following equations:
A23 = A(p1, p2, p3) = arccos
ℜ(−〈p1,p3,p2〉)
|〈p1,p3,p2〉| = arccos
ℜ(−g23)
|g23| = arccosℜ(−g23),
X1j′ = g23r1j′g2j′
−1,X2j = g23g2jr−11j ,X3j = g23
−1g3jr−11j ,Xkj = g2k
−1gkjr−11j , u0 =
ℑ(g23)
|ℑ(g23)| ,
for (i+ 1) ≤ j′ ≤ m, 4 ≤ j ≤ m, 4 ≤ k ≤ i, k < j.
Also for the negative points, we have the following equations:
di1j1 = gi1j1gj1i1 = |gi1j1 |2,Ai1j1 = arg(gi1j1), ui1j1 =
ℑ(gi1j1)
|ℑ(gi1j1)|
.
So, given the Gram matrix G, we can determine u0, A23, Ai1j1 , Xij, di1j1 , and ui1j1 by the
above equations. Using Lemma 8.7 and the fact that the angular invariants Aij, distance
invariants dij are independent of choices of the lifts, it determines A23, Ai1j1 , di1j1 and the
Sp(1) congruence class of F = (u0, . . . , ut,X1, . . . ,Xd).
It is known that each nonzero quaternion q has the unique polar form q = |q|euθ.Thus,
if we know |q|, θ and u then we will get quaternion number q uniquely. By the definition
of di1j1 we have |gi1j1 | =
√
di1j1 . Also by the definition of the angular invariant we get
Ai1j1 = arg(gi1j1). Thus we can determine the matrix A = (gi1j1) for negative points by
di1j1 , Ai1j1 and ui1j1 .
Conversely, let x = (µu0µ¯, . . . , µutµ¯, µX1µ¯, . . . , µXdµ¯) be an element from the Sp(1)
congruence class of F for some µ ∈ Sp(1) with respect to some lift p. By the above
equations we have µg23µ¯ = cosA23 + µu0µ¯ sinA23 with u0 =
ℑ(g23)
|ℑ(g23)| . Also,
µg2j µ¯ = µg23µ¯ µX2jµ¯, µg3j µ¯ = µ¯ µg23µ¯ µX3j,
µgkjµ¯ = µg2kµ¯ µXkjµ¯ = µX2kµ¯ µg23µ¯ µXkjµ¯,
µgi1j1 µ¯ = |gi1j1 |eµui1j1 µ¯Ai1j1 =
√
di1j1e
µui1j1 µ¯Ai1j1 ,
where gi1j1 are the entries of sub-matrix A of matrix G(p) in 8.1. So we have element
VG = (µg23µ¯, µg24µ¯, . . . , µg2mµ¯, µg34µ¯, . . . , µg3mµ¯, . . . , µgm−1mµ¯) with |µg23µ¯| = 1. Now
using Lemma 8.10, we can determine the PSp(n, 1) congruence class of p. 
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